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AUTHORS PREFACE TO THIS SAMPLER  
 
This is a brief introduction to the book, “Beyond the Event Horizon: Gravity-Well Models of Celestial 

Objects”. This short book is designed to familiarize the reader with the concept of the gravity-well, and to the 
effects of gravity on bodies in space. The larger book includes more detailed descriptions, formulas and 
insights for those more interested or advanced readers. The reader may obtain the full book when it 
becomes available. Information will be posted at www.spaceanimations.org for obtaining the full 
book. One may contact the author with comments, as well as the current status of the developing 
full length book and for related research at keith314@optonline.net. 

 

 The purpose of this e-book is to present the visual or graphic results of an ongoing interest I have 
had in the gravity-well model used by planetariums to demonstrate celestial motions. This model greatly 
assists in understanding the effects of gravity on orbital motions. It combines the products of my own 
research and learning experiences acquired over the years. This book attempts to explain the gravity-well 
model using intuition, illustrations, as well as examples from astronomy and Newtonian mechanics.  The full 
length book, entitled “Gravity-Well Models of Celestial Objects”, includes some 140 pages, where this 
sample e-book contains under 50. The full book includes many additional visual materials, numerically 
solved orbital mechanics problems and rules for scaling problems from actual space to the much smaller 
dimensions of the gravity-well model, as well as the supporting math.   

 

Suggestions for reading this book: 
 

The casual reader can review this material in any sequence, and depending on your interest 
in the physics was written to require no reference to the math.  Any encountered during a first 
viewing may be skipped and later viewed at your discretion.  On the other hand, some important 
technical details are provided in Appendix-A. The figures have been arranged in a topically logical 
order to promote understanding. Therefore, it is suggested that the text and illustrations simply be 
viewed in their order of appearance.   

 
The motions of celestial objects were first set forth by Sir Isaac Newton in the Principia 

(pronounced Prinkipia): The Mathematical Principles of Natural philosophy.  When first published 
the theory of motion of natural and artificial bodies was explained using this very simple and often 
cited drawing by Newton himself. This sketch illustrates how the flight of a cannon ball fired from 
a lofty mountain top with incrementally greater and greater velocity will either strike the Earth 
progressively further downrange, or given sufficient velocity, actually go into orbit around the 
Earth.  Whether the trajectory strikes the ground, or continues in orbit, it is considered to be in 
“free fall”. When in orbit, it never impacts the ground because the curve of the Earth falls away 
beneath the advance of the projectile. This was a very clever teaching tool for a then very new 
idea, and I will try to employ similar drawings to demonstrate how the gravity-well functions. 

 
Original Figure obtained from Newton's Principia: 

 The mathematical principles of natural philosophy  
 

Jumping from classic times to current times, the gravity-well has been popularized in 
recent years and those interested in astronomy may have noticed this visual tool presented 
during televised astronomy features as well as in beautifully animated science films dealing with 
gravity, general relativity, and black holes.  Prior to their popularization, I witnessed my first model 
gravity-well in action in 1967 at New York’s original Hayden Planetarium.  Although I had noticed 
this concept used in illustrations for various science books, I had never seen a working model of 
gravity, or the movements of rolling steel balls used to represent the orbital motion of satellites.  

http://www.spaceanimations.org/
mailto:keith314@optonline.net
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The well fascinated and intrigued me, and its very beautiful and sensible shape enabled 
me to anticipate many of the effects of gravity fields before my training covered these subjects in 
formal courses in orbital mechanics. For the benefit of those readers not familiar with the subject, 
the gravity-well is a surface of revolution formed by rotating a suitably shaped curve around a 
central vertical axis, sweeping out an axisymmetric surface resembling the bell mouth of a horn. 
As illustrated by the following figure the motions of a rolling ball on the well resemble those of a 
satellite of the Earth or planet of the Sun. It also provides the ability to play out orbits in a lab 
setting or planetarium which could otherwise only be experienced very slowly using a pencil, 
paper and calculator, more rapidly on a digital computer, or physically in orbit. In a real sense, the 
gravity-well provides a defacto analogue computer for orbital mechanics.  In any case, a quick 
Google search on the World Wide Web will demonstrate the current use of this model in 
planetariums and other educational settings.  

   

 
www.nasa.gov 

 
www.nasa.gov 

 

 
Gravity-well Exhibit at Boston Museum of Science-Photo taken by author ~1980 

 
 Just a note that the majority of the computer graphics contained herein were, for better or 
worse, created using my original graphics and orbital mechanics programs written in Fortran, 
Basic, Excel or otherwise developed in a commercial CAD system. These drawings reflect my 
long term obsession with the gravity-well as an object of great interest, utility and graphic beauty.  
The above two public domain figures are credited to NASA’s web site, www.nasa.gov. There are 
also some excellent materials on Wikipedia, the free encyclopedia. 
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Figure-2 Graphic Interpretation of Orbiting Planets and Central Sun-

www.spaceanimations.org 

 

1.0  INTRODUCTION  
 

It was as a young and impressionable engineering student that way back in 1967 
I had my first look at a working gravity-well model while visiting the original Hayden 
Planetarium in New York City.  The older Hayden (replaced by its currently beautiful but 
glitzy counterpart) was a wonderfully atmospheric and moody place, filled with the 
darkness of space and a veritable maze of fascinating exhibits.  As I walked through the 
silence and rounded a corner, I suddenly heard the impact and rolling sound of a pinball 
machine, so out of place in this setting. Walking ahead in the darkness I found that a 
new exhibit had been added to the Hayden. The exhibit caught my attention running 
itself endlessly while repeatedly demonstrating planet and comet like motions. It was 
roughly five feet in diameter and then appeared very similar to the exhibit shown below, 
which was photographed some years later at the Boston Museum of Science by the 
author. 

 
Figure-3 Photo of a Gravity-Well Model 

with permission of the Boston Museum of Science 
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 Just as glad to be alone on this first viewing occasion, I lingered for a moment 
watching this new device operate. It appeared to have a life of its own and sounded with 
the regularity of a cosmic clock and the urgency of a celestial pinball machine, as 
several steel balls were dispensed to demonstrate their orbit like motions. So much so 
that the softer white well surface beneath the moving balls was starting to wear from the 
cumulative effects of friction with the hard steel ball bearings. As shown on the bottom of 
page 11, the visible wear on the well surface formed an elliptical trace and caught my 
attention.  Realizing that I had read about this visual aid before in books by then popular 
science writers like Arthur C. Clarke, I had never heard it suggested that an actual 
surface could be constructed to form an analogue of gravity. At the time I wondered what 
equations were used to produce this surface and what physics it was based on. The 
problem instantly caught my interest and without realizing it, I took this problem home to 
think about, indeed intermittently for the rest of my life. I thought about it for a while 
obsessively, and then returned to the business of an engineering student, homework 
and school.  

 
Shortly after this we student engineers were introduced to an equation used in 

civil engineering called the banking formula. This equation is employed to determine the 
radial slope of a banked roadway required to prevent cars and trains from spiraling out of 
control while making rapid bends and comfortably maneuvering turns at a given speed 
and radius.  When a roadway is properly banked for specific speeds an occupant will 
“feel” little or no outward centrifugal force during the turn. After mentally playing with this 
convenient formula I suddenly remembered the planetarium gravity-well problem, and 
realized that I could use this relationship to determine the banking slope angle and 
ultimately the formula of the gravity-well surface. 

 
I applied the banking formula to a gravity-well having approximately the same 

size as the working model I saw at the Hayden. I assumed a scaled value of orbital 
velocity for the ball based on circular orbits around the Earth. I assumed that the ball 
possessed the exact velocity required to maintain a circular orbit at every radius on the 
well and the local slope of the well surface required beneath it. This step provided me 
the radial slope of the gravity-well at every radius along the surface. I was then able to 
determine the height of the well at each radius by using calculus and what is called a 
single integration. At this point the only remaining task was confirming the equation by 
contacting the Hayden Planetarium in writing.  After drafting a letter to the curator I 
received verification of the formulae. I also received some free advice concerning the 
practical construction of a working gravity-well model from the Hayden.  Engineering 
school continued, and while studying more down to Earth topics in mechanical 
engineering I kept the gravity-well model in the back of my mind for future development.  
I realized that the gravity-well could be used to explain many effects in orbital 
mechanics.  This book is the result of that focus while studying subjects in physics and 
the motions of bodies in a gravity field.  

 
The gravity-well applies to: planet like near circular and elliptical orbits, as well as 

comet like parabolic and hyperbolic orbits. It is also applicable to pure radial motions. In 
addition, noteworthy velocities known as escape, excess and residual velocity can all be 
explained and demonstrated on the well, as well as several effects hinted at in the table 
of contents. As will be explained, escape velocity is the minimum speed required to 
escape the gravity-well, excess velocity is the amount by which local velocity exceeds 
escape and residual velocity is the theoretical velocity remaining with the object after 
traveling an “infinite” or very great distance from a gravitating body. 
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Figure-4 The Earth-Moon System in Space - www.spaceanimations.org 

 

2. WHAT IS A GRAVITY-WELL AND HOW TO INTERPRET IT? 
 
2.1 Potential Energy in a Gravitational Field 
 

A gravity-well model of the Sun visually represents the gravitational potential 
energy in what is called the solar systems Newtonian inverse square force field. This is 
derived using basic dynamics to define the equation and plotted shape below. This 
equation is also called a 1/R potential function, and as was done in Appendix-A, was 
developed using Newton’s law of gravity, his second law of motion and the banking 
formula, producing the equation for gravitational potential energy and the shape of the 
gravity-well which is: Z = - Cs / R.   

 
As illustrated in Figure-5 below, the greater the radial distance R and the further 

out the ball from the well center, the greater the elevation of the ball and its gravitational 
potential energy.  Potential energy can be exchanged for velocity and associated kinetic 
energy of motion, as when in an actual orbit.  A ball released from rest accelerates along 
the well surface by rolling downward and inward towards the well center.  Also, as will be 
discussed, an initially rolling ball having a velocity which carries it around the well center 
will move in a similar manner to an object in orbit and subject to the gravity field of the 
star or planet modeled to be at the center of the well.   
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Figure – 5 ELEVATION OR POTENTIAL OF GRAVITY-WELL PRODUCED BY SINGLE BODY 
 

The gravitational potential energy of an object like a metal sphere, or rolling ball 
bearing, can be computed in the laboratory as the weight of the sphere in pounds 
multiplied by its height in feet, relative to some arbitrary elevation level established in the 
lab for the well. Gravitational potential can be thought of as the potential energy per unit 
weight, or a simple elevation measured in feet, Z.  Analogously, this is called the 
elevation head in fluid mechanics, and in Bernoulli’s equation along a streamline. 

 
Potential: V = [PE / W] = [Weight x Height] / Weight = Height Z  
 
 It is possible to establish the “zero” of potential energy at any location along the 

sloping surface of a gravity-well.  However, it is often located at the maximum height of 
the theoretical flat summit at the highest point of the gravity-well, as is conventionally 
done for solar or planetary potential energy. The most radially distant location and the 
top of the gravity-well is an especially convenient reference point where the height and 
potential energy are a maximum and become increasingly negative (i.e., smaller) as the 
distance R decreases from infinity to zero.  There is no contradiction in saying the 
potential energy is zero at an infinite distance and maximum at the same place, since at 
every other location the potential energy is negative and is indeed numerically smaller. 

 
It can be said without qualification that the gravity-well provides an excellent 

model of gravitational potential energy in the Newtonian “inverse square” gravity field.  
Newton’s law of gravity is provided below for completeness, where M and m are the 
masses of the planet and satellite, R is the distance between their mass centers, and G 
is Newton’s universal constant of gravity which was observationally approximated and 
then more precisely determined by numerous laboratory tests many years ago. 

 

F = (GM x m) / R2 

 
The equation of Newton’s law of gravity states that the gravitational force varies 

directly as the product of the mass of the planet and the body, and inversely as the 
square of the distance between the mass centers of the planet and body. 
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Note that Newton’s law of gravity has stood the test of time* and is used to 
predict the paths of satellites in Earth orbit, the trajectories of vehicles to the Moon, and 
those of our deepest space probes on their way to the outer planets and interstellar 
space.  While it is possible to derive the shape of the gravity-well starting with the 
equation for Newton’s law of gravity, (as has been done in Appendix-A), we will pause 
here and step through the development of the gravity-well graphically by employing the 
next few figures to familiarize the reader with the general shape of the gravity-well. Also, 
these figures illustrate some convenient coordinate systems in which to develop the 
equation of the well.  Optional review of Appendix-A is suggested for those who may be 
interested in the mathematics.  

 
Those readers interested in physical analogies may appreciate the reference 

made by Willey Ley (in Reference 5, Satellites, Rockets and Outer Space), to the 
motions of space vehicles in the nested and moving gravitational whirlpools of the 
planets contained in the single and much larger gravitational whirlpool of the Sun. This 
model can be used to help visualize the movements of space vehicles within and 
between the various gravity fields of the solar system.  Although Mr. Ley did not 
specifically mention the “gravity-well”, there is little doubt that his reference was to the 
vortex shaped “gravity-well”. The multiple vortex analogy of Mr. Ley can used to illustrate 
the motions of space vehicles as they exit the smaller gravity field of a planet and enter 
the much larger and much more pervasive solar gravity-well to become an artificial 
planet of the Sun. The reader is invited to see “Gravity-Well Models of Celestial 
Objects” for additional details. 

 

 
An Atlas Mercury Launch – www.spaceanimations.org 

 
* Note that the only corrections which have been made to Newton’s law of gravity is for extremely 

distant deep space probes, attempting to explain the small differences which have accumulated in 

their long term trajectories after many years.  We are referring specifically to the Pioneer missions 

which were both ejected from our solar system by the strong gravity field of Jupiter and entered 

interstellar space many years ago.  These corrections included Einstein’s General Theory of 

Relativity which alone can’t explain the cumulative differences between our best predictions and 

observations. These adjustments included other various and more speculative ad hock corrections 

ranging from modifications to Einstein’s gravity model, to perturbations due to solar wind, clouds of 

space dust, and spacecraft out gassing of materials.  The mystery of the small anomalous motions of 

Pioneer X and XI is called the Pioneer-X anomaly and is a subject of professional debate by NASA 

and other space scientists, and publication on the World Wide Web (See referenced technical papers  

1 and 2). 
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Author’s Photo of Gravity-Well Model taken and published with  

Permission of the Boston Museum of Science & Planetarium-1980  
 

 
Gravity-Well at the Hayden Planetarium by Keith Mirenberg 1967 

Courtesy American Museum of Natural History 
 

Notice the elliptical wear trace on the well surface due to the rolling friction of the balls. 
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2.2 Civil Engineering’s Banking Formula is Related to the Gravity-Well. 
 

The banking formula and Newton’s second law of motion (SF=ma) are used to 

develop the equation of the radial slope of the gravity-well.  Illustrated below is a section 

of roadbed having a radius R and banked at the angle f and also an object 

representing a vehicle moving along the banked turn with circular velocity V.  
 
The banking formula is: 

Where:  f= the slope angle (see figure below) 
     R = the radial location of vehicle in feet 

               g = gravitational constant (32.2 ft/sec2) 
                 V= velocity for a banked turn (in ft/sec)   

in “pseudo-equilibrium” (see below) 
 

 
 

      

  Z     

       

       

       

       

   V    

Y   R    

       

    f   

       

    g  X 

       

       

 
Figure – 6 BANKED ROAD BED IN CONVENIENT X, Y, Z COORDINATE SYSTEM 
 

The radial slope angle f, constant radius R, and local velocity V provide a 

condition of dynamic equilibrium (or pseudo-equilibrium), and in the case of a powered 
vehicle (i.e., car, truck, train, etc.) will maintain a circular path parallel to the horizontal 
(X-Y) plane.  The reason this condition is termed “pseudo-equilibrium” is that the vehicle 

is in actuality experiencing centripetal (or center seeking) acceleration, ac= V2/R.  
 
If we replace the vehicle with a rolling ball placed at a radius R and intend for its 

motions to mimic the effect of gravity and travel in a circular orbit on the surface it must 

travel with velocity V which varies as the *square root of 1/R, as in planetary motion.  In 
other words, the smaller R and the closer the ball is to the center of the well the greater 
the velocity V required to maintain a circular orbit.  Conversely, the greater R and the 
more distant the ball is from the well center the smaller the velocity V needed for a 
circular orbit. 

 

* Note that circular orbital velocity of the Earth is Vc =   GMe / Re 

Tan (f) =V2/(R x g) 
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The tangent of the radial slope angle f must be set equal to the ratio of the 

centripetal acceleration ac= V2/R, to the acceleration of gravity g (~32.2 ft/sec2), 
producing the banking formula. This formula can be used to represent the radial slope of 
a gravity-well for circular orbits having velocity V and radius R. The radial slope is the 
Tan (f), or the value of the “rise over the radial run” of the surface, (i.e., dZ/dR ~ 

DZ/DR.).  

 

 
 
 

2.3 Graphical Development of the Gravity-Well Shape 

 
In Figure – 7 below the coordinate system is one in which the equation of the 

surface of revolution defining a gravity-well can be readily developed.  The radial 
distance R is the shortest straight line between the well central axis Z and the ball.  In 
other words, it is the distance between the well center and the orbiting object measured 
perpendicular to the axis Z. It is this shortest distance R which is analogous to the 
distance between a gravitating Sun and its planet, or planet and its orbiting satellite. 

 

         

         

         
  Z       

         

         

         

         

   V      

Y         

   R    Z= f(X)  

      DZ   

    f     

    g DR    

         

      X   

         

         

         

   Z= f(X)      

         

         

         

         

Figure – 7 BANKED ROADBED IN X, Y, Z COORDINATE SYSTEM, INCLUDING Z=f(X) 
 
The equation of the well projected into the front X – Z plane will be called Z = f(X) 

or “Z of X” which stands for the elevation Z of the surface as a function of X.  This curve 
when rotated around the vertical Z axis will define the surface of revolution as shown in 
Figure – 8. 

Tan (f) = (ac) / g =  ( V2/R ) / g  =  V2 / (R g) 
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In Figure – 8 below we show the partially developed gravity-well by illustrating 
that portion of the surface produced by 90 degrees rotation of the curve Z=f(X) around 
the vertical Z axis.  Since we are developing an axisymmetric surface, or surface of 
revolution, the function Z=f(X) has the same shape as Z=f(Y) or any curve for the 
surface in the radial direction, Z=f(R).  Intuitively, this axisymmetric shape mimics the 
effects of gravity. 

 

          
   Z       
 
          

          

          

          

          

          

          

 Z= f(Y)         

          

          

          

          

          

 Y   V      

        Z= f(X)  

    R  f DZ   

          

          g DR    

          

       X   

          

          

          

          

          

          

          

          

          

          

          

          

Figure – 8 SURFACE GENERATED BY THE FIRST 90 DEGREE ROTATION OF Z=f(X) ABOUT Z-AXIS 

 

Since the above figure is a bit cluttered by the remnants of the banked roadbed, 
we will remove the road from the figure and instead insert all the labels associated with 
the instantaneous coordinates (i.e., lower case x, y and z) of the rolling ball. 
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As shown in Figure 9 we again illustrate the partial surface generated by the first 
90 degrees of rotation around the Z-Axis. Figure 9 contains pure geometry. Note that the 
radius r is defined as the distance between the origin of the system (i.e., the intersection 
of the X, Y and Z axes) and the location of the ball (or the surface immediately below the 
ball), while R represents that distance projected into a horizontal plane passing through 
the ball.  The location of the ball is indicated as lower case letters x, y and z. 
 

          
 
   Z-Axis       

          

          

          

          

          

          

          

 Z= f(Y)         

          

          

          

          

          

 Y-Axis         

      f  Z= f(X)  

    R   z     

    r          

          

      y    

       X-Axis   

     x     

          

          

          

          

          

          

          

    Z= f(X)      

          

          

Figure-9  SURFACE GENERATED BY FIRST 90 DEGREE ROTATION AROUND Z-AXIS 

 
The equation for the gravity-well is presented immediately below and has been 

sketched in Figure 10. This figure illustrates a fully developed gravity-well in its space.  
 
 

Z = - Cs/ R 
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Figure-10  WIRE FRAME MODEL OF FULLY DEVELOPED GRAVITY-WELL 
 
The above equation, whose curve must be rotated around the central Z-axis to 

generate the surface of revolution of the gravity-well, is that of a simple hyperbola, x z=c.   
 
The derivation of the working formula for the gravity-well surface is 

contained in Appendix-A. Note that within Appendix-A, the x, y and z coordinate 
system has been employed with a vertically oriented Y-Axis. Therefore, both the X 
and Z-Axes and the X-Z plane lie within the horizontal. This appendix, which was 
originally written in 1968, contains the following topics: 1) Kepler’s three laws, 2) Newton’s work 
to derive them, 3) quantities which must be preserved by a gravity-well, 4) sample scale factors 
for distance and velocity calculated for a sample “gravity-well”. Also discussed are: 5) interference 
with modeling accuracy due to surface friction and air windage of a rolling ball, 6) partial reduction 
of surface resistance with the use of a low friction surfacing material called Teflon, 7) the role of 
the moment of inertia of a solid sphere on the total kinetic energy of the ball when rolling without 
slippage, 8) the probable further reduction of the effect of surface friction and windage by 
substituting a low profile air puck for the ball. Also, the possible interference with the air puck film 

“surface effect” due to excessive well curvature. The reader is invited to see “Gravity-Well 
Models of Celestial Objects” for additional details. 
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3. ORBITAL MECHANICS AND A SHORT HISTORY OF THE LAWS OF MOTION 

  

 
Figure-11 Early Spiritual Places and Temples were likely Observatories having 
Celestial Alignments with the Sun, Moon and Stars - www.spaceanimations.org 

 
It is very likely that the earliest people to observe the sky and ascribe meaning to 

what they saw were the wise shamans and priests of their community. These persons 
produced the mythical origins, assigned names and perhaps imaginative stories to our 
great constellations and the important activities of seasonal hunting, gathering, planting 
and harvesting, indeed human survival benefited.  

 
Then first starting with simple mounds of earth, circles of wood and piles of crude 

stone, proto-temples were built. These eventually evolved into the construction of grand 
temples all over the world. The Aztecs, Babylonians, Chinese, Egyptians, Incans and 
Mayans were among the earliest astrologers and astronomers. These peoples fashioned 
the beautiful stone and plaster temples of the Americas, Asia, Babylon, Egypt, and the 
Arab world which are believed to have featured numerous celestial alignments. These 
structures permitted a record to be made of the periodic motions of the heavens, and the 
sudden appearance of noteworthy celestial objects to be kept against their fine 
stonework.  

 
It is these records of the time and place of celestial events and general sky 

movements which enabled much later people to begin the development of the rules 
governing the movements of sky objects and ultimately the laws of celestial motions and 
orbital mechanics.  A short history of these laws is next discussed. 
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 It can be said that the development of the accepted laws of orbital mechanics 
began in the 17th century with the work of Johannes Kepler (1571 – 1630).  Kepler was a 
mathematician and apprenticed to the great astronomer Tycho Brahe who had recorded 
the precise motions of the planet Mars.  Kepler accepted the problem of explaining the 
motions of Mars as recorded by his teacher. Starting with nothing more than good 
intentions and Tyco’s excellent data, and after searching in the dark for 20 years, Kepler 
arrived at his three laws of planetary motion still taught at universities today. Since these 
laws were formulated without the aid of any physical theory, Kepler’s approach can be 
described as empirical requiring trial and error, and at times resorting to mystical 
numerology and notions of numerical and natural beauty.  However, some years later 
when Newton was able to derive Kepler’s laws by assuming an inverse square law for 
planetary attractive force, the Newtonian theory scored a major victory.   
 
3.1 Galileo’s Inclined Plane Experiments for Projectile Motion 
 
 The refinements of the laws of motion owe a debt to many people, but none more 
than the great Galileo Galilei (1564 – 1642). In addition to other ingenious means, 
Galileo was able to employ inclined tracks and planes to slow down and study the 
motions of falling (or rolling) objects in his lab.  In this way he could time the distance 
they covered against the semi-regular beat of his heart or water clock. This approach is 
similar to using a gravity-well model where the radial slope of the well is restricted to a 
constant value of gravity acting near the surface of the Earth. It was by these means that 
Galileo learned that the distances covered by a falling (or rolling) object increases as the 

square of the time of travel (Dist = [1/2] x A x t
2
), known as the Law of Squares. He was 

thus able to study rectilinear motion along a straight line and reach useful conclusions 
regarding motion.  
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If Galileo extended his sloping flat plane into the third dimension (Y above) he would 
have been able to reproduce projectile or near parabolic motion. The reader can also 
see the similarity of the figure below and rotating a suitable curve around the Z axis to 
produce a true gravity-well, the illustration of which is provided in Figure-10 and below.  
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In a real sense Galileo’s inclined plane depicted above represents the uniform gravity 
field existing over a relatively small distance along the Earth’s surface, or over a flat 
Earth.  In addition, the climb of the projectile over the Earth must be modest in order that 
the gravity field remains uniform.  If the extent of the climb is too great the value of local 
gravitational attraction and acceleration would be reduced which would be represented 
by a flattening of the angle between the inclined plane and the horizontal, as shown 
below. 
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Galileo appreciated the intimate relationship between mathematics, and both 
hypothetical and experimental physics. He understood the parabola in terms of the conic 
section and also expressed as the ordinate (y for height) varying as the square of the 
value of the abscissa (x for the horizontal distance downrange relative to the launch 
point on a flat non-rotating Earth). Galileo further understood that the parabola was only 
the theoretical trajectory of a uniformly accelerated projectile moving under the influence 
of gravity and ignoring air resistance.  He acknowledged that there are limits to the 
accuracy of his theory, noting that a real trajectory of very large size covering too great a 
range or climb distance could not possibly be a mathematically precise parabola, but he 
maintained that for distances up to the range of his contemporary artillery the deviation 
of a projectile's path from a parabola would be minor. He recognized that his 
experimental data would never agree exactly with any theoretical or mathematically 
derived data because of unavoidable measurement errors, friction, and other factors.  

  In more recent years, students of physics have used a small device called a 
Fletchers Trolley (which is very similar to Galileo’s inclined track and rolling ball) to study 
uniformly accelerated motion, as well as basic photographic methods employing a strobe 
light similar to that illustrated below, to directly observe projectile motion in a uniform 
gravity field.    

 

Figure-12 Laboratory Demonstration of Parabolic Projectile Motion in a Gravity Field  
 

3.2 Kepler’s Three Laws of Planetary Motion 
 

Kepler’s laws may be simply stated as follows: 

1. The orbit of every planet is an ellipse with the Sun located at one focus.  

2. The line joining a planet and the Sun sweeps out equal areas during equal times. 

3. The square of the time a planet takes to orbit the Sun is directly proportional to 

the cube of the planets mean distance (called the semi-major axis) from the Sun.  
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To recap and emphasize, Kepler worked for over 20 years to arrive at his laws of 
planetary motion. Since these were formulated without the aid of physical theory, 
Kepler’s approach was empirical and at times guided by his personal notions of beauty. 
It is therefore understandable that this task took him two decades to complete. 
However, when Newton was later able to dispassionately derive Kepler’s three 
laws by assuming an inverse square law for the gravitational attractive force, 
Newton’s theory scored a resounding victory in science.  Kepler’s three laws are 
described and illustrated below, and further discussed in Appendix-A. 
 
1. K1 The orbit of every planet is an ellipse with the Sun located at one focus.  

 The geometry of the ellipse and the mathematical relationships between its 
geometric elements were well understood at the time of the discovery of Kepler’s three 
laws. It followed that excellent predictions could be made which compared precisely with 
the observed motions of the planets.  

 

www.nasa.gov 

2. K2 The line joining a planet and Sun sweeps out equal areas in equal times. 

 As illustrated above, when at a relatively small distance from the Sun the planet 
sweeps out a larger and more obtuse angle in a given period of time. Conversely, and 
when located at a larger distance from the Sun, the planet sweeps out a smaller and 
more acute angle in that same time  Therefore, a planet travels fastest nearest the 
Sun and slowest when most distant from the Sun, and the radius demonstrates what is 
termed constant “areal velocity”.  To clarify, the white and blue sectors above all have 
equal areas and represent the same time of travel over each one of the fourteen 
individual sectors, and one fourteenth of the total orbital period to complete an orbit.  

3. K3 The square of the time a planet requires to oribit the Sun is directly 
proportional to the cube of the planets mean distance from the Sun.  

This third rule became known as the harmonic law and predicts exactly how long 
a planet requires to orbit the Sun. Kepler’s three laws can be used to make accurate 
predictions of planetary positions, velocities, and the transit times between these. The 
underlying physics behind these laws had not yet been developed. Although other great 
scientists of the time had some solid thoughts on gravity, it required the disciplined mind 
of Sir Isaac Newton to explain the physics of these laws.  
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Newton’s inverse square law of universal gravitational attraction was 
needed. The well known astronomer Sir Edmond Halley offered to bear the 
considerable printing costs if Newton could develop and publish the physics 
behind Kepler’s three laws.  Newton was up to the task, and claimed to know the 
solution to the problem having worked with it before.  He collected his thoughts, 
meticulously cleaned them up and ultimately published the formal Principia and 
described the so called “System of the World”.   

3.3 Newton’s Three Laws, Universal Law of Gravitation, and Planetary Motion 
 

“If I have done the public any service, it is due to my patient thought.” - Newton 

 
Newton's Three Laws of motion are the fundamental principles that form the 

basis of classical mechanics. They describe the relationship between the forces 
acting on a body and the resulting motions produced by those forces. They have 
been verbally expressed in numerous ways, and can be summarized as follows: 

N1 First Law: A body at rest tends to remain at rest. A body in motion tends to remain in motion 
and moves at constant speed along a straight line. Every physical body remains in a state of rest 
or uniform motion unless acted upon by an external unbalanced force.  

N2 Second Law: A body of mass m subjected to a net force F undergoes a resulting 
acceleration a, that has the same direction as the net force and a magnitude that is directly 
proportional to the net force and inversely proportional to the mass of the body, i.e., F = ma. 
Alternatively, the total force applied to a body is equal to the time rate of change of linear 
momentum (i.e., m x v) of the body. 

N3 Third Law: The mutual forces of “action and reaction” between two bodies are equal, 
opposite and collinear. This means that whenever a first body exerts a force F on a second body, 
the second body exerts a corresponding force −F on the first body. F and −F are equal in 
magnitude and opposite in direction.  

The three laws of motion were first stated by Sir Isaac Newton in his Philosophiæ 
Naturalis Principia Mathematica. His above three laws were used to explain and further 
investigate the motion of physical objects. Newton showed that the laws of motion, 
combined with his new universal law of gravitation below, fully explained Kepler's laws 
of planetary motion.  

Newton never fully explained, however, the physical origin, mechanism, or 
underlying causes of gravity, and restricted his work to relating the magnitude of this 
“action at a distance force” to other observables (i.e., M, m and R) which worked very 
accurately.  Newton assumed gravity to act instantaneously over any distance, implying 
that gravitation traveled at an infinite speed.  It is reported that this disturbed Newton, 
and left him somewhat unsatisfied in this regard.   

Newton’s Universal Law of Gravitation 

F = (G M x m) / R
2 

 

http://en.wikipedia.org/wiki/Philosophi%C3%A6_Naturalis_Principia_Mathematica
http://en.wikipedia.org/wiki/Philosophi%C3%A6_Naturalis_Principia_Mathematica
http://en.wikipedia.org/wiki/Newton%27s_law_of_universal_gravitation
http://en.wikipedia.org/wiki/Kepler%27s_laws_of_planetary_motion
http://en.wikipedia.org/wiki/Kepler%27s_laws_of_planetary_motion
http://en.wikipedia.org/wiki/Newton%27s_law_of_universal_gravitation
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3.4 Einstein’s Laws of Gravitation and Spacetime Curvature 
 

 
Figure-13 Graphical Interpretation of Einstein’s “Fabric of Spacetime”– Johnstone 

@ www.wikipedia.org 
 
Isaac Newton believed that space was effectively a three dimensional stage on 

which world events transpired with the natural passage of time. Newton’s space was 
totally independent of time, and time of space.  Einstein mathematically weaved the four 
dimensions of space and time (i.e., x, y, z, and t) into the fabric of a newly unified 
“spacetime continuum”. We experience both space and time, but in a related and 
“relative” way.  With his revolutionary changes to Newton’s system of the world, Albert 
Einstein was able to reproduce the effects of gravitating matter with the curvature of this 
new continuum, which is nicely illustrated above and on the web by Johnstone.  In 
Einstein’s new world view, orbital motion was an exercise in higher order geometry.  
Planets moved in orbits along the straightest paths possible in this higher space, called 
“geodesics” around their Sun. As defined in mathematics, a geodesic is a generalization 
of the notion of a "straight line" for "curved spaces". Unfortunately, book keeping these 
concepts in general relativity necessitated some relatively complex mathematics, which 
Einstein first needed to learn for himself. Reported to be a lover of simplicity and 
intuition, if he had a simpler mathematical alternative for his theory he would have 
quickly embraced it.   

 
In place of Newton’s gravitational force, Einstein explained the effects of gravity 

as the warping or curving of the fabric of the spacetime continuum.  It was not forces 
which were responsible for orbital motion, but mass which told spacetime how to 
curve, and curved spacetime which told matter how to move. The price many of us 
pay for this, is difficulty appreciating the non-intuitive idea of a four dimensional 
spacetime. Einstein’s new continuum included the three spatial dimensions and the 
single temporal dimension of time. This new continuum was sought and mathematically 
accepted by Einstein because it was then desperately needed to explain the constant 
speed of light, which was by all observations invariant under every tested condition. Up 
until these observations there was no need for spacetime, and Newton’s simple space 
was sufficient for science. Einstein’s higher order geometry is real enough for GPS 
satellites to obey and depend on its rules of relative space and time for their proper 
operation, and every experiment performed to date shows that this model has all the 
properties required to qualify it as a valid world view (see Clifford Will’s, Was Einstein 
Right?). 
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       14 (a)                                                              14 (b)   

Figure-14 Mass Tells Spacetime How to Curve and Spacetime Tells Matter How to Move-

www.spaceanimations.org 

  

3.4.1 Flexible Membrane Analogy for Spacetime and the Gravity-Well:  

 
Another way of thinking about matter warping space is to first imagine a locally mass free 

flat space as you would the taught but flexible surface of a trampoline, illustrated in Figure-14(a). 
Mentally place a heavy bowling ball at the center of the initially flat trampoline. The bowling ball 
represents the mass of the star in the modeled solar system. Naturally, due to the weight of the 
bowling ball and the elasticity of the fabric, the bowling ball once placed on the membrane drops 
out of sight and into the initially flat surface, leaving in its wake the curved surface of the gravity-
well, as illustrated in Figure-14(b).   

  
I remember seeing this subject presented during a televised feature on Einstein’s gravity 

in the late-60s. The enthusiastic scientist projected small ball bearings along the curved rubber 
membrane surface which orbited this flexible gravity well beautifully. An added benefit of this 
modeling approach is that the trampoline surface assumes a slightly warped shape immediately 
beneath the rolling ball while in contact with the surface, similar to what Einstein’s spacetime 
experiences. With this model we have produced a mini and moving gravity-well beneath the 
advancing ball, which orbits the larger central well.  Due to partially irreversible friction losses 
inherent in a flexible membrane, this would be a short lived advantage, since a rigid surface 
model coated with the low friction material permits the ball to orbit longer before succumbing to 
friction losses. Engineers would say that a rigid well has a lower friction coefficient because of a 
smaller “friction circle”. However, the flexible membrane is conceptually a better analogy to 
Einstein’s gravity since the geometry of the membrane reacts to both the presence and quantity 
of “gravitating matter”.  

 
When a suitable mass per unit surface area is used for the fabric, the flexible membrane 

analogy can be extended to demonstrate the tremendous, but finite speed of gravity. The 
propagation speed of gravity was assumed by Newton to be infinite, who was disturbed by this 
“instantaneous action at a distance” form of gravity.  Although never directly demonstrated, 
Einstein concluded that gravity travels at the same speed as does light (c). Einstein had already 
established that the speed of light is the highest possible speed for any signal. Note that If the 
seated bowling ball is disturbed (i.e., tapped or suddenly moved) on a membrane having the 
correct mass-elastic properties) one can demonstrate, at least in principle, the concept of gravity 

waves and their finite but tremendous speed to scale on a flexible membrane gravity-well.  The 
reader is invited to see “Gravity-Well Models of Celestial Objects” for additional 
details and mathematics. 
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4.0 BASIC ORBITAL MOTION AND THE GRAVITY-WELL 
 
 The wonder of natural orbits is that they may be described using simple conic 
sections.  A conic section is formed by the intersection of a cutting plane and right 
circular cone, thereby producing a circle, ellipse, parabola or hyperbola.  As illustrated 
below and on the next page, any natural Keplerian orbit may have an eccentricity which 
is exactly equal to zero for a circle (ec=0.0), between zero and one for an ellipse 
(0<ee<1), exactly equal to one for a parabola (ep=1.0), or greater than one for a 
hyperbola (eh>1.0).  Eccentricity is a measure of the shape of the conic and generally 
the larger the value of “e”, the flatter the orbit.  A conic section is defined as the locus of 
points in space whose ratio of distances from a fixed point and line is constant, called 
the eccentricity. 

 

 
Orbits are Conic Sections 

 
Just why* the geometry of a conic section faithfully represents an orbit around a 

single gravitating body can not really be answered.  In this instance we should think of 
the conic section as just another result of Newton’s physics and a consequence of our 
beautiful mathematics.  Any further thoughts we might have on the matter probably says 
more about us than any orbit.  

 
Among a handful of characterizing constants we will introduce to describe 

Keplerian orbits, there also exists the true anomaly angle “f” shown above, measured 
within the orbital plane between the lowest or minimum radius in orbit, called the 
“pericenter” (or rp), and our current location in orbit. The true anomaly angle “f” locates 
our instantaneous position in orbit at any time t past pericenter. 

 
* This is only a single example of this type of occurrence in physics. Other examples 

include: baseballs projected in constant gravity fields and electrons in uniform electric fields which 
travel along parabolas, structural cables having self weight hang in the shape of a perfect centenary, 
suspension bridge cables supporting a massive but uniform roadbed hang in parabolas, a single 
drop of water initially released from a dropper forms a sphere from its surface tension, and then 
becomes a tear shaped object as it falls and accumulates speed and streamlining air drag, etc.). 
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A conic section is formed by the four types of intersection produced by a cutting 
plane and a right circular cone, illustrated below.  As noted previously, this intersection 
results in a circle, ellipse, parabola or hyperbola.  The type of conic and shape of the 

orbit depend on the orientation of the cutting plane a, and the relative size of the semi-

cone angle b. 

 

Orbits are Conic Sections 
  

 
Note that the conic section and resulting shape of the orbit reside in the 

common plane of intersection.  The relative values of the semi-cone angle b and the 

cutting plane angle a, are also important (i.e., if a>b, a=b, & a<b).  

 

1) As shown in the left panel for a>b, the required angle a, between the cutting 

plane and the centerline of the cone must be precisely 90 degrees to generate 
the circle (shown in blue).  

 

2) As also shown in the left panel for a>b, the magnitude of the angle a, must be 

greater than the semi-cone angle b and less than 90 degrees to produce the 

ellipse (shown in yellow).   
 

3) As shown in the middle panel for a=b, the plane angle a required to produce 

the parabola (in orange) must be precisely equal to the semi-cone angle (b).  

 

4) As shown in the right panel for a<b, in order to generate the (two legged) 

hyperbola (shown in red), a, the cutting plane angle measured to the cone 

centerline, must be equal to, or greater than 0.0 and less than the semi-cone 

angle (b).  
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A Body orbiting within a Gravity-Well - www.spaceanimations.org 

Note: Appendix-B contains computer generated illustrations  

of circular and elliptical orbits of the Earth – www.spaceanimations.org. 

 

4.1 Circular Orbits (eccentricity e=0, a special case of ellipse) 
 
We see illustrated in the above figure a ball rolling in a circular orbit around the 

gravity-well.  The circular orbit is illuminated and rendered using a point light source in 
the geometry model. When the ball is projected into a horizontal plane along the surface 
of the well with its initial velocity perpendicular to its instantaneous radius to the well 
center and with precisely the correct value of speed, it is in a circular orbit.  Any faster 
than this circular speed and the ball rises, any slower and it descends.  A circular orbit 
on the well will maintain a constant speed and distance from the well center and a fixed 
elevation (ignoring friction and windage) on the gravity-well.  The reader is invited to 
see “Gravity-Well Models of Celestial Objects” for additional details, and the 
governing equations.  

 
 

http://www.spaceanimations.org/
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.  
An elliptical orbit-www.spaceanimations.org 

 

4.2 Elliptical Orbits (eccentricity 0<e<1) within their orbital plane 

   
Ellipses are a more general case of orbit in which the velocity of the orbiting body varies 

from a maximum speed at the point of closest approach to the Earth, called the perigee, to a 
minimum speed when most distant, called the apogee.  When speaking in the context of a ball 
rolling on the gravity-well, it is suggested that the more general terms “pericenter” and 
“apocenter” be used, as these terms apply to all circumstances. 

 
An ellipse type of shape is produced by a satellite in space (or a ball on the gravity-well) 

when it is projected at insert with a greater velocity than what is required for maintaining a purely 
circular orbit. The ball therefore rises above this point, and in gaining height and radius the ball 
gains potential energy at the expense of kinetic energy (and speed) until its subsequent velocity 
is insufficient to orbit in a pure circle. It therefore descends downward, only to oscillate up and 

down forming an ellipse like trajectory.  The reader is invited to see “Gravity-Well Models 
of Celestial Objects” for additional details and working equations for elliptical 
orbits. 

 
4.3 Parabolic Orbits (e=1) 

 

The minimum energy escape trajectory from the Earth or any celestial body is 
parabolic in shape and has a numerical value of eccentricity exactly equal to one 
(e=1.0).  As such, it is a special case of a just super elliptical orbit for which escape 
velocity is a minimum.  Of course, the shapes of all escape trajectories are open as 
they do not close on themselves.  The equation for the parabola is similar in form to that 
of an ellipse in which the eccentricity is assigned a value of exactly 1.0.  Willy Ley, one 
of the original founding members of the German Rocket Society, has written that in his 
opinion, there are no precisely parabolic (or for that matter pure circular) trajectories 
since every orbital eccentricity when written out to a sufficient number of decimal places, 
will deviate, however slightly from exactly 1.0 (or 0.0 for the circular case).    
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This is actually true, although when a circular orbit deviates slightly from a true 
circle, it is still in an approximately circular orbit, and can be more simply book kept as 
one.  The same is true for an escape orbit which is only slightly super-parabolic, known 
as a hyperbolic escape trajectory.  As such, a slightly hyperbolic trajectory may have an 
orbital eccentricity of just over 1.0 (e.g., 1.00000001), but be adequately represented by 
a parabola having an eccentricity of 1.0.   It is a matter of application and convenience.  

 
In the context of the gravity-well, an escape parabola would permit a rolling ball 

so projected to be capable of ascending to the most distant and furthest modeled 
position along the gravity-well wall.  If the gravity-well could actually be modeled out to 
an infinite radius, that most distant and theoretical point along the well would have a zero 
slope and be quite flat. All of the initial kinetic energy of motion of the ball near pericenter 
would be replaced by only potential energy of height at the distant apocenter.  It is at this 
distant and theoretical flat point along the parabolic trajectory that the ball would very 
slowly come to rest.  We say, therefore, that the ball has escaped from the well center, 
and for this reason the parabolic trajectory is said to be an “escape trajectory”. The 
reader is invited to see “Gravity-Well Models of Celestial Objects” for additional 
details and working equations describing parabolic trajectories. 

 
4.4 Hyperbolic Orbits (e>1) 
 

In the context of the gravity-well, an escape hyperbola would permit a rolling ball 
projected with greater than parabolic velocity to climb not just to, but infinitely beyond the 
most distant and furthest position along the well wall. At this great distance the slope of 
the well flattens out and remains level beyond.  Instead of the ball slowly coming to rest, 
it would travel with some remaining linear velocity, called “residual velocity”.  Here the 
well surface becomes an extended flat annulus shaped area, where the ball would 
continue infinitely on out maintaining its residual speed.   

 
All of the initial potential energy and kinetic energy of motion near pericenter 

would be replaced by both potential energy of height, and some remaining residual 
kinetic energy and its associated speed in deepest space.  The hyperbolic trajectory 
can pass beyond that hypothetical point where a body with parabolic velocity would very 
slowly come to rest, and forever travel beyond that distant point maintaining constant 
residual velocity along this extended theoretical flat surface into deepest space.   

 
We therefore also say that the ball has escaped from the well, and for this reason 

the hyperbolic path is said to be another form of escape trajectory, which can carry us 
out to gravity-field free space, or until we might cross the threshold of the gravitational 
sphere of influence, and the gravity–well of a different celestial body.  Note that 
corrections must be made for the relative velocities of these moving gravity wells. The 
reader is invited to see “Gravity-Well Models of Celestial Objects” for additional 
details and working equations for hyperbolic trajectories.  
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4.5 Comments on Motions Observed on Gravity-Well Models 
 

I can’t recall how many times I have watched the gravity-well operate at 
the Hayden. At first, just to enjoy the show, and then more soberly while trying to 
make sense of its busy and continuous operation. The Hayden’s program for 
dispensing balls was an important part of their overall demonstration. This 
included the type of orbit, the number of balls, as well as the time of release of 
each ball. Close timing was needed for an entertaining and informative show.   

 
Planets: Each new planetary ball was introduced to the gravity-well by 

slowly gathering speed by rolling down a calibrated and elevated acceleration 
ramp along the top left edge of the well shown below.  This steel ramp had the 
required height to project the ball at the desired velocity along the well. In this 
fashion every planetary ball began its orbital life as a model planet, and as a 
member of a tiny solar system.   

 
The Hayden projected four such balls serially, spaced in time so that the 

earlier ball’s orbit had decayed a bit, and had a slightly smaller orbit.  Viewers 
were treated to watching these planetary balls simultaneously as they orbited 
the well in near circular ellipses. The four balls could be thought to represent 
our first four inner planets, Mercury, Venus, Earth and Mars circling the model 
Sun at the well center.  Naturally, while circling the well these orbits gradually 
decayed, and slowly spiraled inward and downward due to the influence of 
friction on the rolling balls.  

 

   
         New York’s Hayden Planetarium-1967              Boston Museum of Science-1980    
 

Each ball steadily increased in speed due to reduced orbital radius, 
until the leading ball approached the central hole with amazing speed and noise. 
After the ball had spiraled in and descended from the top to the bottom of the 
well, it rapidly circled round the bottom central hole, orbiting madly like a crazed 
daredevil. Just when you thought the ball might continue indefinitely, it suddenly 
disappeared from sight and down the central hole with a muted but definite 
thump.  Immediately on the heels of the first balls departure down the hole, a 
new planetary ball was automatically dispensed at the top of the well to repeat 
the entire process.   
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Precession: One comment regarding the motions of planetary balls is that 
their near circular and slightly elliptical motions were observed to precess. In the 
context of gravity-wells, precession produces a steady rotation of the ellipse and 
its axis of symmetry in the direction of rotation during each orbit. The axis of 
symmetry runs between the apocenter and pericenter of the rotating ellipse, and 
results in the angular advance of pericenter in orbit by a few degrees every well 
orbit.  

 
Touched up time exposure taken by the author of the spiraling and precessing 
motions of a ball traveling in a roughly circular ellipse on a model gravity-well  

 
 This motion was only slightly like that of the actual planet Mercury.  I say slightly, 

since Mercury experiences a very slight advance of pericenter by precession, and for 
different, but related reasons.  Most of the small precession angle of the actual planet 
Mercury can be explained by Newton’s laws as due to small disturbances or 
perturbations, produced by the other planets. Only, a very minute fraction of the total 
precession angle of Mercury was explained by Einstein as produced by the greater 
curvature of spacetime close to the more gravity warped space surrounding our Sun; the 
larger remainder being due to the planets. Since Mercury is the first and closest of all the 
planets to the Sun, it has demonstrated this slight orbital precession attributable to the 
relativistic effects of curved spacetime.  

 

Comets: Next, without warning, the routine order of the above planetary 
series of balls would be broken by the loud crack of a single high speed projectile 

representing a solitary comet rapidly invading our solar system.  Some comets 
are often near parabolic with eccentricities close to 1.0.  However, others are 
elliptical as is Halley’s Comet, which travels along an elongated ellipse with an 
eccentricity of about 0.97, and repeats its orbit about every 76 years. This fast 
comet like ball had a significantly greater inward motion than the previous near 
circular planetary balls. The simulated well comet would quickly travel somewhat 
radially and more directly towards the central Sun, in its near parabolic orbit, then 
travel very rapidly round the Sun at perihelion.  Last, almost as quickly as it 
appeared, return to deep space and roll off the top outer edge of the model, 
somewhere along the perimeter of the well. This speedy comet like motion was 
almost over before it began, and required one to keep a sharp watch to see it.  
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5.0 CONCLUDING REMARKS  
 
 What is the ultimate fate of the gravity-well? Over the years, the gravity-
well become an object of commerce. Gravity-well exhibits can now be purchased for 
between $1,000 and $10,000 dollars for sale on the web. The first commercial well was 
made and patented in 1985 by Mr. Steve Divnick, the inventor of the coin well who now 
operates www.spiralwishingwells.com. Improved commercial models, additional patents, 
sizes and colors have been added over the years. 
 

 5.1 The Commerce of Gravity-wells 
 

The commercial appearance of the gravity-well has become more commonplace 
with the passage of time. Many of these wells are designed to permit the use of coins in 
place of ball bearings to represent orbiting bodies. It has lost a little of its “scientific” 
luster for many but the gravity-well obsessed author, and children (including my 
grandson) who just love to watch it operate. This makes the current vintage of gravity-
well a very sensible item to exhibit at any public gathering, which pays for itself in a short 
time by gathering the coins of the curious and raising funds for charity including the 
continued operation of small museums, educational institutions and other good causes.  
Noteworthy among these is www.spiralwishingwells.com  whose fine wells have earned 
over $200 million dollars for many charitable causes. Spiral Wishing Wells also supports 
teachers, education and research efforts with non-profit grants. 

 

 
Mini-Gravity-well model in my Home Office 

Coin Vortex by www.spiralwishingwells.com  
 

      
   Larger Gravity-wells on Public Exhibition used for Fund Raising 

 
Reproduced with Permission of www.spiralwishingwells.com who have raised over $200 

million for charities, organizations, and museums with this device 

http://www.spiralwishingwells.com/
http://www.spiralwishingwells.com/
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Commercially Available Coin or Ball Bearing Type Gravity-Wells 

Graphic Reproduced with the Permission of www.spiralwishingwells.com 

 

 
 

Commercially Available Coin or Ball Bearing Type Gravity-Wells 
Graphic Reproduced with the Permission of www.spiralwishingwells.com 
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Commercially Available Coin or Ball Bearing Type Gravity-Wells 

Graphic Reproduced with the Permission of www.spiralwishingwells.com 
 

      
Commercially Available Coin or Ball Bearing Type Gravity-Wells  

Appeals to Children of All Ages 
Graphic Reproduced with the Permission of www.spiralwishingwells.com 
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5.2 My final thoughts on the subject of gravity-wells is that in the right 
environment, under correct conditions of lighting and ambient noise, gravity-well exhibits 
can still be used to instill interest, and scientific curiosity in both children and adults.  
 

This has been accomplished by the Carter Observatory exhibit on a very 
reasonable scale and is shown below in the photograph they provided showing two 
small children with their interest fully engaged.  Who can say where this first attention 
will take them?  Such exhibits providing a setting suitable for learning and appreciating 
the laws of science and perhaps awe for our often beautiful universe are still needed. 

 

      
Children Enjoying Model of the Gravity Field of a Binary Star System 

With Permission and Courtesy of Carter Observatory in New Zealand 

 
 I had visited the old Hayden Planetarium for many years as a child and into my 
adulthood. Always most impressed by the model solar system exhibit which was located 
in a dedicated and darkened room located on the first floor beneath the great star dome. 
My next favorite was the star show projected above. In the Solar System Room the 
revered human speaker, rather than a recording, would stand off to the side and below 
the planets and comment on our solar system. These models were outfitted with their 
model moons and rings which slowly moved in their coordinated orbits, suspended to the 
overhead with barely visible tracks.  
    

As a New Yorker, I spent a large portion of my formative years viewing the 
magnificent exhibits of the American Museum of Natural History and Hayden 
planetarium.  These included their large meteorite collection, many beautiful celestial 
murals, the historic Martin Viking Sounding Rocket, telescopes, ancient timepieces and 
optical devices, and many other wonderful items too numerous to mention. 

 

      
There were many distracting exhibits at the Hayden, but when the modest 

and expertly crafted gravity-well model first appeared, it grabbed my imagination 
like no other, resulting in much self study and this book.  Who can say where any 
first attention will take us? 
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in the Production of Tides and Tidal Friction. 

 
7) Battin, Astronautical Guidance, McGraw-Hill Electronic Science Series, 1964, A graduate engineering text 

book from MIT on Astronautical guidance in orbit. 
 
8) Peter van de Kamp, Elements of Astromechanics, W.H. Freeman and Company, 1964, An excellent and 

simple to follow mathematical introduction by a world class astronomer to celestial mechanics, the 
rotating binary and the LaGrange Restricted Three Body Problem. 
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North American Books, 1993, A non-mainstream book which should be read by every defender of the 
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22) Kip S. Thorne, Black Holes & Time Warps, Einstein’s Outrageous Legacy, W. W Norton & Company, New 
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2) The Pioneer 10 and 11 anomalous acceleration and Oort cloud comets, Daniel P. Whitmire and John J. 
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Anomalous Orbital Motions of the Deep Space Probes Pioneer 10 and 11 past the planet Jupiter-
http://www.ucs.louisiana.edu/~dpw9254/I08536.pdf 

 
3) Regular Keplerian Motions in Classical Many–Body Systems, Eugene I. Butikov, St Petersburg State 
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4) Winners of the CISE Software Competition (for Educational Software), Denis Donnelly, 
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mailto:Donnelly@siena.edu
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APPENDIX A Page A-1 
 

This article was originally published in SPECTRA, the student publication of the 
Fairleigh Dickinson University College of Science and Engineering, April 1968. 
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SAMPLER APPENDIX B Page B-1 
 

Examples of Computer Images Generated by “TIME-HIST” Orbital Prediction 
Program – WWW.SPACEANIMATIONS.ORG 

 
140 MILE CIRCULAR ORBIT OF THE EARTH INCLINED AT  30 DEGREES 

 
CIRCULAR ORBIT OF EARTH INCLINED AT 30 DEGREES TO THE EQUATOR 

http://www.spaceanimations.org/orbit6.htm 

 
HIGHLY ECCENTRIC ELLIPTICAL EQUATORIAL ORBIT OF THE EARTH  

 
ECCENTRIC EQUATORIAL ORBIT 

(4,100 MILES BY 12,000 MILES PERIGEE TO APOGEE RADIUS)  

http://www.spaceanimations.org/
http://www.spaceanimations.org/orbit6.htm
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SAMPLER APPENDIX C Page C-1 
 

Friction and the Influence of Spin and Rotational Inertia on Gravity-Well Motions 
 

 
 

Influence of Rolling Friction on an Initially Circular Orbit Depicted  
by a Log Spiral on a 24” Diameter Gravity-Well Orbit (i.e., Initial Insert Radius of 12”) 

 

 As demonstrated on actual gravity-well models, friction has an obvious 
visual effect on orbital motions.  As shown above, a ball projected into an initially 
circular orbit will spiral in and decay. This fact is demonstrated on all gravity- 
wells whose surfaces are usually coated with Teflon, Gelcoat, or some other low 
friction finish. Depending on the cleanliness of the surfaces, complete decay can 
take between thirty to ninety seconds on smaller 24” or 36” diameter wells, to over 
two minutes on 6 foot and larger diameter wells, ultimately permitting the ball to 
drop down the central hole.  

 
The above log spiral trajectory has been assigned a low friction coefficient, 

corresponding to a rigid metallic ball rolling on a structurally “hard” surface.  Note 
that in this context, hardness is defined as surface resistance to distortion by a rigid 
sphere. If an “air puck” or hockey table approach is used to “lubricate” the well 
surface, the author believes the decay rate of the orbit may be significantly reduced, 
extending the total time for the puck to spiral into the central hole. More significantly, 
the air puck approach would totally eliminate spin effects such as rotational kinetic 
energy and gyroscopic inertia from producing errors in the simulated orbit. This 
approach may be investigated by inventors, or the technical staff of museums or 
planetariums that may be interested in what I believe may be a unique and very 
enjoyable science exhibit.  
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APPENDIX C Page C-2 
 

 
 

Reduced Influence of Friction on an Initially Circular Orbit Depicted by Possible 
Use of an Air Puck or Lubricating Bleed Air Holes on a 24” Diameter Gravity-Well 

(i.e., Initial Insert Radius of Orbit=12”) 
 

 An air puck would take the place of the rolling ball and would look like a 
small flat disk made from aluminum less than ¼” thick and 2” in diameter and 
would permit a thin pressurized layer of air to form and lubricate the surface 
beneath it. Such a measure is anticipated to result in somewhat reduced rate of 
decay orbits, similar to, or possibly better than the above figure in which the 
differences between a larger number of immediately adjacent orbits may be 
indistinguishable to the eye. This would produce a more realistic display to the 
casual observer.  This approach would, of course, have to be tested, verified and 
optimized.  Then the puck could be made to look more like a planet. 

 
Should room temperature superconductivity ever be achieved the 

possibility of some form of magnetic levitation has also been considered.  While 
surface friction can be virtually “eliminated”, there would still be some slight 
orbital decay due to the air resistance on the orbiting item called windage, and the 
limited evacuation of some portion of the air from a pressure tight Lexan 
hemisphere (above the well surface to create a partial vacuum) would be a tricky 
proposition at best.  Currently, these two approaches used in combination would 
likely be impractical for some time to come, and be revisited when advances in 
technology may make these measures economically and technically feasible. 
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APPENDIX C Page C-3 
 

Insights on the Longevity and Fidelity of Orbits on the Gravity-Well Model 
 

Based on my own observations and experiences working with a number of 
gravity-wells, I can offer the following advice to experimenters on installation. 
Note that the respective commercial gravity-well vendors should always be 
contacted for their assistance and technical support regarding their wells. 

 
1) The first thing one must do when installing a gravity-well is level it, and 

find some means of marking the well for easy re-leveling with an 
inclinometer.  A simple carpenter’s level can be used to level any two 
mutually perpendicular edges, like the front and side edges. If the well 
is off-level this will affect the contours of equal potential energy along 
the well surface. Threaded adjustable leveling feet are commercially 
available, inexpensive, and suggested for fine leveling adjustments. In 
addition to adjustable feet, two inclinometers permanently installed 
along the leveling edges will also prove helpful for periodic 
adjustments, and are currently available for only a few dollars. 
   

a. An unleveled gravity-well will have non-circular and roughly 
elliptical contours of equal elevation and a well which is several 
degrees out of the horizontal will have lines of equal-potential 
unsuitable for a single gravitating body. These will resemble 
those around the Moon due to the influence of the Earth 
(appearing below and reproduced from Figure 18 on page 54).   

 

 
The Inclined Gravity-Well of the Earth-Moon System 

 
Influence of the Earth Appears Related to an “Inclined” Gravity-Well  

Lines of Constant Elevation Potential Will Appear Similar on Tilted Well 
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2) Once leveled and marked, immobilize the gravity-well as securely as 
practicable. When using the well for scientific measurements this is 
obviously important, and can be done by bracing or adding stiffness to 
the well structural supports. While stable bases are provided by well 
vendors for relatively light objects, extra stability can be provided for 
more massive objects by securing the rear of the well to an adjacent 
wall using anchors.  This bracing is especially easy for a well similar to 
www.spiralwishingwells.com design because of the flat back edge 
provided. If the well is not rigidly immobilized it will respond to the 
influence of centrifugal forces on the ball and will move and slightly 
wobble (like the suns of unseen companion stars). In their day the very 
early museum gravity-wells of the type featured at the Hayden and 
Boston Museum of Science were significantly more massive and rigid 
and thus less subject to this potential “wobble” problem than more 
current cost effective models. 

 
a. The greater size and mass of these museum exhibits tends to 

immobilize wells and produce orbits of greater longevity and 
fidelity for massive balls. However, the newer and lighter cost 
effective gravity-wells can be structurally immobilized by various 
other simple means.  
 

b. The center of a star or planet is often mathematically treated as a 
stationary or “inertial frame of reference”. The fidelity of 
Keplerian like motions will be improved by securing gravity-wells 
as rigidly as possible, to prevent gross movements of the well. 
Any structure with mass and stiffness containing an accelerating 
mass (i.e., the orbiting ball) is subject to small vibration inputs 
and some periodic mechanical response, and an operating 
gravity well is no different.    

 
c. The fiberglass gravity-well offered by vendors is well suited for 

this application as this material is inherently rigid and the 
surface is stiffened by its double curvature. This rigidity will help 
prevent local surface deflections at the moving point of support 
of the rolling ball, reducing friction and preventing gross 
translations of the well.   

 

3) The mass and inertia of the ball projected along the gravity-well will 

play a significant role in the longevity of the balls motions, as I have 
determined empirically that the larger and more massive the ball, the 
greater the duration of the orbit. This is supported by the use of the 
larger ball bearings by the Hayden Planetarium, Boston Museum of 
Science and the Science Museum of Virginia for their very fine gravity-
well exhibits.  
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a. In this regard, I have also tested a range of steel ball bearings of 
various diameters ranging from ¼” diameter to the larger and 
more massive 1-1/4” diameter and found that the larger size balls 
produce moderately greater duration and somewhat higher 
fidelity orbits.  During testing I found that the optimum for a 36” 
well was between 1” and 1-1/4” diameter balls for the longest 
duration orbit, owing to slight movements of my test well. 

 
b. I also experimented with lighter 1 inch diameter solid glass 

spheres (i.e., marbles) as well as one inch diameter solid rubber 
balls. However, the larger steel balls always appeared to work 
best. This may be due to the relatively poor precision of a glass 
marble as well as their smaller density and mass.  As one might 
expect, the orbits of light rubber balls decayed quickly and are  
useful for demonstrating the rapid orbital decay effects of 
friction, corresponding to air resistance. 

 
c. The larger the size of the steel ball, the greater the mass (for the 

fixed density 0.28 lbs per cubic inch of steel) and the quantity of 
stored kinetic energy at a given speed. Also, according to the 
rules of rolling friction, friction force is reduced for larger 
diameter ball bearings. Less significant energy losses are 
consumed by rolling friction for larger balls. Since the reaction 
force “normal” to the well surface also varies with the mass and 
weight of the ball, this benefit will be only be slowly accrued with 
greater size, but generally speaking, the larger diameter steel 
balls produce a longer and more accurate orbit until well 
movements become a problem. This can be influenced by the 
tolerances of the ball bearings and any inaccurate spherical 
shaping would be detrimental to rolling true and the resulting 
orbit.  

 
d. Note that the above result assumes that the gravity-well surface 

is itself structurally rigid and immobilized against any possible 
deflection. Otherwise, more massive balls will tend to produce 
greater local deformation at the moving point of support on the 
well surface, resulting in somewhat greater rolling friction.  

           
4) The coupling of the balls spin to its linear velocity is not desirable for 

high orbital fidelity as at higher speeds the ball will possess (in addition 
to spin angular momentum and rotational kinetic energy) some 
gyroscopic inertia which also has no analogue in orbital mechanics.   
 

a. Such gyroscopic effects are believed to only detract from the 
fidelity of orbital motions and produce disturbing perturbations.  
However, it is possible that longer duration orbits will be 
produced by gyroscopic effects, providing a more interesting 
exhibit for general public viewing. 
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5) The use of an air puck, table hockey bleed air design or possible 
magnetic levitation would effectively eliminate surface friction and 
decouple the spin of orbiting objects from meaningful linear motions.   
 

6) Frictional surface effects are not always undesirable.  For example, if 
one wished to demonstrate the natural decay of a satellite orbit once it 
encounters the tenable atmosphere, it is possible to illustrate orbital 
braking using increased friction surface materials. If this more rapid 
spiraling effect is desired, it is an easy matter to increase the local 
surface friction coefficient by application of some anti-skid material to 
the well surface, providing greater traction. 

 
7) The cleanliness of the well surface and an oil free ball are very 

important, and cannot be overemphasized. Obviously, ball bearings get 
dirty with handling and have imperfections on their surface.  Balls tend 
to “jump” when they hit these imperfections, slowing them down and 

allowing test balls to suddenly and audibly skid down the well.  I would 

also suggest that a very clean or polished ball will roll longer than one 
that has been handled and has various degrees of oils, contaminants 
and fingerprints on it.  I have used various cleaning agents and found 
that liquid car cleaners work very well, while any paste like rubbing 
compound should be used only for refinishing a damaged well surface.  

 
8) An adjustable but rigid curved launching ramp is very effective for 

providing the desired initial rolling conditions for the ball. Vendors of 
coin donation wells provide these ramps, which can be modified for ball 
bearings, or dedicated ball ramps can be constructed from “scratch” 
using a curved bicycle fender, or any similarly shaped item that may be 
available.  The use of this ramp enables one, with proper selection of 
initial height and ramp terminal direction to find a combination that 
provides the desired initial velocity and orbit. This helps produce 
repeatable orbits for study.  The roulette like rim of the well is also 
available for flinging the ball to start it off on a near perfect circular 
orbit.  It is also informative to note when the ball breaks away from the 
rim and starts to make its slow descent once its speed and centrifugal 
force can no longer maintain that outer orbit. 
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Keith Mirenberg at Cyberchron Corporation in Cold Spring, New York 
 

My personal research to support the writing of this book has employed early observations 
of orbital motions produced on several previously cited museum and planetarium gravity-wells, as 
well as two gravity-wells on which I was able to perform motion measurements and strobe light 
photography. These two wells were generously provided by www.spiralwishingwells.com and 
Hyperbolicfunnel.com in support of research efforts, and are shown below using one inch 
diameter ball bearings rolling along their surfaces. 

 

       
               Hyperbolicfunnel.com               www.spiralwishingwells.com 

 
I have also employed the World Wide Web to support research by always searching for 

technical consensus between the various web sites. I do believe that the web can be productively 
employed for research by handling the information obtained from any particular web site as one 
would examine a single observation during experiments. This must be verified by additional 
testing and further searching on the web for corroboration, and not only be used when the 
information obtained supports ones pet purpose, favorite theory or agenda.  

 
I do not agree with the proposition that the web should never be used to support 

research. I believe this was the original purpose of the web.  In any case, I would think that the 
technical content of the World Wide Web is somewhat less subject to corruption by scoundrels 
and hoaxers. Notwithstanding, by using suitable methods of cross checking, personal inquiry and 
reflection, one can hopefully separate the “signal from the noise” contained in technical 
information available on the web. I wish the web were available during my early years when I was 
an engineering student, and am very glad for its current availability to us all. 
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Keith J. Mirenberg, PE 

 
“Beyond the Event Horizon: Gravity-Well Models of Celestial Objects” was written by Keith 
J. Mirenberg  who is an engineering consultant for Gibbs & Cox, (G&C) Inc. in New York, where 
he works in the fields of mechanical shock, vibration and noise control engineering. In addition, 
Keith has an interest in astronomy, cosmology, orbital mechanics, and computer graphics. He 
enjoys the challenge of summarizing a large quantity of technical but tedious numerical data into 
an attractive illustration using computer graphics. He has written this book which attempts to 
provide visual insights to gravitation by employing math models and computer generated images. 
On rare and fortunate occasions, the resulting figures might be considered “techno-art”, many of 
which appear on www.spaceanimations.org, his web site. 

 
The origins of this book go back to 1967 when as a young engineering student Keith first 

saw a working gravity-well model while walking through the original Hayden Planetarium. This 
reproduced planetary like motions employing steel ball bearings rolling on a hard curved surface 
representing the gravity field. At the time he wondered what equations were used to generate this 
surface. The problem instantly caught his interest and without realizing it, he took the puzzle 
home to ponder obsessively and solve. This and related studies continued intermittently for years, 
culminating in this book.  His first article on the gravity-well was published in 1968 in the Student 
Science Journal of Fairleigh Dickinson University, SPECTRA. 

 

             
Boston Museum of Science-1980       New York’s Hayden Planetarium-1967 
  
Keith has written articles on several subjects including noise field prediction, rocket 

propulsion, orbital mechanics, and natural and artificial gravity fields. He has also written noise 
prediction programs for twenty odd years at G&C. He has over thirty years of experience in the 
related areas of mechanical shock, vibration and noise control and also acquired a broad 
engineering background working for a number of organizations including: Pratt & Whitney Aircraft 
predicting gas turbine performance and jet exhaust noise, Boeing during the Apollo program, 
Combustion Engineering on reactor seismic analysis, Cyberchron Corporation on shock and 
vibration isolation systems, GEA Westfalia Separator Inc., where he worked on equipment 
dynamic characteristics, and Lane Engineering where he performed architectural noise control for 
various projects in the tri-state area. He is a 1968 BSME from FDU located in Teaneck New 
Jersey, and studied graduate level orbital mechanics and aerospace propulsion systems at the 
University of Connecticut. He earned his professional engineering license in Connecticut in 1978, 
and acquired a New York professional engineering license in 2002.  While working as a PE in the 
tri-state area he has worked on various community noise projects, highway and rail noise, and 
housing noise controls. He also enjoyed working part time as an adjunct faculty member 
instructing professional engineering review courses at the Hartford Graduate Center of RPI in 
Hartford Connecticut for almost a decade (now known as Rensselaer at Hartford). 

http://www.spaceanimations.org/

